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∗ # A
2     
  H
   2D   D
K




  2  {A,A0}   #	  
  #   #	
 
 # 
2  {A,A0} =      
 7  
  	












(A∗f, g) − (f,A∗g) = (Γ1f,Γ0g)H − (Γ0f,Γ1g)H, f, g ∈ dom (A∗), )*
& H   
 	.   C  2 
 Γ0,Γ1 : dom (A∗) → H   
 22 
 %  2
Π = {H,Γ0,Γ1}     	
  2 #  2 A∗  # )*  
  22 

Γ := {Γ0,Γ1} : dom(A∗) → H⊕H   	7 
   	
  2 Π # A∗ 
    
  
	 &   #	
 
 M(·) = MΠ(·)
) G8
  







 &  	  
 [H] )  RH!#	
 
* 
     
  .
 
        
#     #	
 
  
  2  # '	!B 	  2 "
 2 	D
 # A    2D 
 M(·)  








  2 22  # A0     




 # 	  
 	 )= ,*  
&  #&

)#  *  Π = {H,Γ0,Γ1}    





 M(·)     
M(t+ i0) := &!lim
y↓0
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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 * B Σ1 
 Σ2  & 2 	
) * = 2 	 Σ1    2 	 
   2 	 Σ2D  
 
Σ1 ≺≺ Σ2D  # Σ1 ≺ Σ2 
 NΣ1(t) ≤ NΣ2(t) ((Σ2))
)  * = 2 	 Σ1 
 Σ2   2 @	 
D  
  Σ1 ≈ Σ2D  # Σ1 ∼ Σ2

 NΣ1(t) = NΣ2(t)((Σ2))
?	  # 	  
  @	    #& 
 
)# *  Tj   
 	 	  
 
 Hj  		

 	   	
ETj (·) j = 1, 2  D ∈ B(R)
) * T1ET1(D)     	  T2ET2(D)   
 
  ET1,D ≺≺ ET2,D 	 ETj ,D(δ) := ETj (δ ∩
D), j = 1, 2
1
)  * #  	 T1ET1(D)  




  ET1,D ≈ ET2,D
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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D   Im(F (z)) := (2i)−1
(
F (z) − F (z)∗) ≥ 0, z ∈ C+ "
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dΣF , z ∈ C+, ),*
)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
D ED ,D ,F*D &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 C0 = C∗0 , C1 ≥ 0 
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	 ΣF   	
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  
   R!#	
 
 F (·) "
    2 	 # F (·) =   2 #	
 
   
  ΣF (t)D t ∈ RD
# )*
B 	 	 NΣacF (t)D t ∈ R  
 C !'  2 D ∈ S2(H)  # 
 ker (D) =
ker (D∗) = {0}  	 
    8 RH!#	
 

(FD)(z) := D∗F (z)D, z ∈ C+.
 FD(·)  
    FD(t) := FD(t+ i0) := !limy→+∞ FD(t+ iy) .  #  t ∈ R 

dF D (t) := dim(ran (Im(F
D)(t))), #  t ∈ R. )*


 *  F (·) ∈ (RH), D ∈ S2(H)  
 ker (D) = ker (D∗) = {0}. #
 NΣacF (t) =
dF D (t) 	   t ∈ R
* " #& # ),* 



















ΨD∗ΣF D(t)dt, δ ∈ Bb(R)
 %22 
  	  ) E,F*  )1* 
 	 
 )* &  

Im((FD)(λ)) = πΨD∗ΣF D(λ) #  λ ∈ R. )6*
 ED ? F NΣacF (λ) = rank (ΨD∗ΣF D(λ)) = dim(ran (ΨD∗ΣF D(λ))) #  λ ∈ R
 
D 	 
 )6* &  NΣacF (λ) = dF D (λ) #  λ ∈ R 
   <2  







#     F (t) := !limy→+0 F (t+ iy) #  t ∈ RD & 
dF (t) := rank (Im(F (t)) = dim(ran (Im(F (t))))
#  t ∈ R "
    <2  
 1 
   8  #&
6
2 *  F (·) ∈ (RH)    F (t) := !limy→+0 F (t + iy)  	   t ∈ R

 NΣacF (t) = dF (t) 	   t ∈ R
 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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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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 @	
8 
  
  n±(A) = dim(ker (A∗ ∓ i)) ≤ ∞
0

 *$ +, $./ %  2 Π = {H,Γ0,Γ1}D & H   
 	.   C  2 

Γ0,Γ1 : dom (A∗) → H   
 22 
D    
 ) 
* 	




(A∗f, g) − (f,A∗g) = (Γ1f,Γ0g)H − (Γ0f,Γ1g)H, f, g ∈ dom (A∗), )*
 
  22 
 Γ := (Γ0,Γ1)	 : dom (A∗) → H⊕H   	7 
0

 *3 +, $./ %  .
 
 A′ # A     22 .
 
D  
  A′ ∈ Ext A,
 # A ⊂ A′ ⊂ A∗;
=& 22 .
 
 A′, A′′    7 










 Ã = Ã∗   22D Ã ∈ Ext A. % 	
  2 Π = {H,Γ0,Γ1}
# A∗ .  &
 n+(A) = n−(A) +D   
 n±(A) = dim(H) 
 ker (Γ0) ∩
ker (Γ1) = dom (A)     D Γ0,Γ1 ∈ [H+,H]D & H+ 
  C  2
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 
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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 Π 
   & .
 
 Aj := A∗  ker (Γj), j ∈ {0, 1}D & 
 #!7 
  
  & # <2 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 A0 = A∗0 ∈ Ext A















 # A    2	2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  C̃(H)   #   
  
  
 HD 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 # )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 # H⊕H =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 Θ    	  # Θ ⊂ Θ∗ 
 #!7 
  # Θ = Θ∗
= 	 	 2 mul (Θ) # Θ ∈ C̃(H)   mul (Θ) = {h ∈ H : {0, h} ∈ Θ}. ' 
 H∞ :=
mul (Θ) 





 Θ = Θop ⊕ Θ∞ & Θ∞ := {0} ⊕ mul (Θ) 
 Θop := {{f, g} ∈ Θ : f ∈
dom(Θ), g ⊥ mul (Θ)}   8
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 
 #   
 
  
  #   
  

Θ & #  EF


 *4  Π = {H,Γ0,Γ1}    
 	 	 	 A∗. #
   

(Ext A ) Ã→ Γdom (Ã) = {{Γ0f,Γ1f} : f ∈ dom (Ã)} =: Θ ∈ C̃(H) )9*
     		

 
   Ext A  
 C̃(H)   AΘ := Ã 	 Θ
  
  )9* $		  
 %

) * AΘ = A∗Θ   
 





 A0  	 
   
 
  Θ ∈ C(H). 
    )9* 




 A0  	 	 
	    
 
  Θ = Θ∗ ∈ [H].
"
 2 	D Aj := A∗  ker (Γj) = AΘj , j ∈ {0, 1} & Θ0 := {0} × H 
 Θ1 := H × {0}
C
 Aj = A∗j  
 Θj = Θ
∗
j . "
 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 *  +,  -  ./ B Π = {H,Γ0,Γ1}   	
  2 # A∗. = #	
 

γ(·) : (A0) → [H,H] 







 M(z) := Γ1γ(z), z ∈ (A0), )*
   γ  





" #& #   
  dom (A∗) = ker (Γ0)+̇Nz D z ∈ (A0)D & A0 = A∗  ker (Γ0)D

 Nz := ker (A∗ − z)D   γ!8 γ(·)   & 8
 
 ( 	  
 [H,H] ' 

Γ1 ∈ [H+,H]D   #& # )*  M(·)   & 8
  
 ( 	  
 [H] +D
 γ(·) 
 M(·)  2  
 (A0) 





I + (z − ζ)(A0 − z)−1
)
γ(ζ), z, ζ ∈ (A0), )*


M(z)−M(ζ)∗ = (z − ζ̄)γ(ζ)∗γ(z), z, ζ ∈ (A0). )*
=   
     M(·)    RH!#	
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≥ 0, z ∈ C\R.
+D   #& # )*  M(·)  8 0 ∈ (Im (M(z))), z ∈ C\R
"# A     2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  2D 
   #	
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 M(·)  
 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  8.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 # 
 dom (A0) = ker (Γ0)   
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 M2(·)   
M2(z) = R∗M1(z)R+R0, )*
& R0 = R∗0 ∈ [H2] 
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 S := A0  (dom (A0)∩dom (AΘ))
&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 Θ = Θ∗ ∈ C̃(H)  
 Θ = Θop ⊕ Θ∞  	
  
 		  S := A0 
(dom (A0) ∩ dom (AΘ)) #
  	 Π̂ = { Ĥ , Γ̂ 0, Γ̂ 1}  
 
Ĥ := Hop = dom(Θ), Γ̂ 0 := Γ0  dom(S∗), Γ̂ 1 := πopΓ1  dom (S∗),
   
 	 	 	 S∗ 	 πop   	
  	
 	 H 
 Hop A0 = S∗ 
ker ( Γ̂ 0)  















O Θ := ΓÃ # 
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 Ã = AΘ = A∗Θ ∈ Ext A 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 AΘ ∈ Ext A     
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(AΘ − z)−1 − (A0 − z)−1 = γ(z)(Θ −M(z))−1γ(z)∗, z ∈ (A0) ∩ (AΘ). )*
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   Sp p ∈ (0,∞]  
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(AΘ1 − z)−1 − (AΘ2 − z)−1 ∈ Sp(H) ⇐⇒
(
Θ1 − z
)−1 − (Θ2 − z)−1 ∈ Sp(H)







 Θ1,Θ2 ∈ [H] 
 	  
 p ∈ (0,∞]  " 
 
(AΘ1 − z)−1 − (AΘ2 − z)−1 ∈ Sp(H) ⇐⇒ Θ1 − Θ2 ∈ Sp(H).
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 	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 	  dom(Γ) := dom (Γ0) ∩ dom (Γ1)     # A∗D Γ0   	7 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(A∗f, g) − (f,A∗g) = (Γ1f,Γ0g)H − (Γ0f,Γ1g)H, f, g ∈ dom (A∗), )1*
& A∗ := A∗  dom (Γ).
 8
  
D A∗ := A∗  dom (Γ) 
 A∗ ⊆ A∗ = A∗ 
 (A∗)∗ = A. ?D   
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) * N∗z := dom (A∗) ∩ Nz  
 
 Nz  
 dom(A∗) = dom (A0) + N∗z)
)  * Γ1dom(A0) = H)
)   * ker (Γ) = dom (A)  
 ran (Γ) = H⊕H
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*   A    
  
  	 	 	  
  Π = {H,Γ0,Γ1}   

	 ( 
 	 	 	 A∗ #
   
 Γ = {Γ0,Γ1}	     











 B fn ∈ dom (Γ0) ∩ dom (Γ1) = dom (A∗), ‖fn‖H+ → 0 

Γfn = {Γ0fn,Γ1fn} → {ϕ, ψ}  n→ ∞ C

0 = lim
n→∞[(A∗fn, g) − (fn, A∗g)] = (Jf∞,Γg) , & f∞ := {ϕ, ψ}
	.
' 
 ran (Γ)   
  
 H⊕H 
  Jf∞ = 0 =	D ϕ = ψ = 0 
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 G8
  





 *   Π = {H,Γ0,Γ1}    
	 ( 










)−1 : H → Nz  
 M(z) := Γ1γ(z), z ∈ (A0), )6*
 	    *
	 (! γ!8  
   #	
 




" #& # B ) *  γ(·) ( 	  
 [H,H]D ran (γ(z)) = N∗z := dom (A∗) ∩ Nz

    8   






  dom(M(z)) = H  
 ranγ(z) ⊂ dom (Γ1), z ∈ (A0).  )6*M(z)   
 
 γ(z)   	
 
 Γ1   D  B 1 C
D    2 
M(·) ( 	  
 [H] +D     2  
 (A0)D 	    γ(·)D 
  8
  




0 ∈ (ImM(i))(⇐⇒ ran (γ(i)) = Ni)    8  # 
 










  @	 & 
  #& 





 * $  Π = {H,Γ0,Γ1}   
 	
 	 





 B = B∗ ∈ C(H)  
 AB = A∗  ker (Γ1 − BΓ0)  ΓB1 := Γ0  

ΓB0 := BΓ0 − Γ1 #

) * ΠB = {H,ΓB0 ,ΓB1 }    
	 ( 
 	 	 	 A∗      dom(A∗) :=







MB(z) = (B −M(z))−1 , z ∈ C±;
)   * ΠB   
 *	
 	! 
 	 	   
 
  B = B∗ ∈ [H] 














  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  2  {A,A0} 	
 @	D 	2  	
 
@	 
D     2      2 22  # A0  





   
 	 
=		 #    
 A    
 8
  2    2  
 H & 
n+(A) = n−(A). B Π = {H,Γ0,Γ1}   
 ; 	
  2 # A∗D 











 A   
 8
 ) E,D 6F*D 
  C1 = 0D  












 *   A    
  
   	 	 	  
  Π =
{H,Γ0,Γ1}    
	 ( 
 	 	 	 A∗(⊆ A∗) A∗∗ = A  





  EA0   	   	  A0 := A∗  ker (Γ0) 
 ΣM ≈ EA0
 





  ΣM (·) &  
	  	






dΣM , δ ∈ Bb(R).
?D Σ0M (·) ≈ ΣM (·) % 
  ED #	 )6*F 
 
Σ0M (δ) = γ(i)
∗EA0(δ)γ(i), δ ∈ B(R), ),*
& γ(·)    




  2D  2#  
   # 
 ; 	
  2 G	  








  	2 Ni := N∗i , & N
∗
i := ran (γ(i))     # A0 .D  Pi  

 27 
 # H 
 Ni   Σ̃0M (·) := PiEA0(·)  Ni
?D Σ̃0M (·)   
 2 	 ' 
   
 
 # N∗i     # A0D 
  #
ED = 1F   	 Σ̃0M 
 EA0  2 @	 


  Σ0M (·) = γ(i)∗Σ̃0M (·)γ(i) ' 
 ran (γ(i))   
  
 NiD     Σ0M ∼ Σ̃0M 
B D ∈ S2(H) 










& ρ     	 	  Σ̃0M ∼ ρ 
 D̃ := γ(i)D : H −→ Ni  
 
ker (D̃) = ker (D̃∗) = {0}  ED ? F & 
NΣ0M (t) = rank (ΨD∗Σ0M D(t)) 
 NeΣ0M (t) = rank (Ψ eD∗ eΣ0M eD(t))
#  t ∈ R )mod(ρ)* ' 
 ΨD∗Σ0M D(t) = Ψ eD∗eΣ0M eD(t) #  t ∈ R )mod(ρ)* & 










 EA0  2 @	 
  	 Σ
0
M 
 EA0  2 @	 
 = 




 #& #  @	  Σ0,acM (δ) = γ(i)
∗EacA0(δ)γ(i), δ ∈ B(R) & Σ0,acM
   	 
 
		 2 # Σ0M  
= 2# # <2  
 ,    #& 
 2	 
 2	 # NΣacM (t)/  







(MD)(z) := D∗M(z)D, z ∈ C+.
" 	




 &  ),*  #	
 
 dMD (·) : R → N ∪ {∞}D
dMD (t) := rank (Im(M
D(t))) = dim(ran (Im(MD(t))))
&    &!8
 #  t ∈ R





 ξ : R −→ R+ 8
 #  t ∈ R &  
	  
	22 supp (ξ) := {t ∈ R : ξ(t) > 0}  clac(·) & 
  	 
 
		 	 #




 *  A    
 .	
 /0  Π = {H,Γ0,Γ1}    
	 ( 
 	
	 	 A∗(⊆ A∗) A∗∗ = A  





 EA0(·)   	   	  A0 = A∗  ker (Γ0) = A∗0.  D ∈ S2(H)  
   
ker (D) = ker (D∗) = {0} 
 NEacA0 (t) = dMD (t) 	   t ∈ R  
 σac(A0) = clac(supp (dMD ))
 
  
   M(t) := !limy→+0M(t+ iy)  	   t ∈ R 
 NEacA0 (t) = dM (t)
	   t ∈ R  
 σac(A0) = clac(supp (dM ))
* =  
 NEacA0 (t) = dMD (t) #& # = 1 
 = , 	D 
{gk}Nk=1D 1 ≤ N ≤ ∞D      
 H   hk := Dgk 5
    8  {hn}Nn=1
       Mhn(z) := (M(z)hn, hn)D z ∈ C+ ?D Mhn(z)   R!#	
 
 # 




Mhn(t+ iy) = (M(t)hn, hn)
.  #  t ∈ R '

















"# t ∈ supp (dMD )D 
 Im((MD)(t)) = 0 C
 t ∈ Ωac(Mhn) #  n ∈ {1, 2, . . . , N}.
=# supp (dMD ) ⊆
⋃N
k=1 Ωac(Mhn) &   








D  # t ∈ Ωac(Mhn) ∩ EMD D & EMD := {t ∈ R : ∃ (MD)(t)}D #  nD 
 0 <
dMD (t) C
 Ωac(Mhn)∩EMD ⊆ supp (dMD ) &   
⋃N















⊆ clac(supp (dMD ))
? 
 
   @	  &  ),* 
 ),,* &  
 σac(A0) = clac(supp (dMD )) 
2 *  A    
 .	




	 	 A∗  




 		  B = B∗ ∈ C(H)
AB = A∗  ker (Γ1 − BΓ0)  
 EAB (·)  	   	  AB   D ∈ S2(H)  
   
ker (D) = ker (D∗) = {0} 
 NEacAB (t) = dMDB (t) 	   t ∈ R  
 σac(AB) = clac(supp (dMDB ))
 
  
   MB(t) := !limy→+0MB(t + iy)  	   t ∈ R 
 NEacAB (t) =
dMB (t) 	   t ∈ R  
 σac(AB) = clac(supp (dMB ))
*  <2  
  ΠB = {H,ΓB0 ,ΓB1 }    
 ; 	
  2 # A∗ :=
A∗  dom(A∗)D dom (A∗) = dom (A0) + dom (AB)D 










=     #& 
 
)# *  A    
  




 	 	 	 A∗  





AB := A∗  ker (Γ1 − BΓ0) B = B∗ ∈ C(H)  
 EAB (·)  	   	  AB  
D ∈ S2(H)  
 ker (D) = ker (D∗) = {0} #

) * A0EacA0(D)     	  ABEacAB (D)   
 
  dMD (t) ≤ dMDB (t) 	   t ∈ D.
)  * A0EacA0(D)  




  dMD (t) = dMDB (t) 	  
t ∈ D.
*  	  # 
  & 	  A    2  
  #!7 
 2 # A  

 






 # A   &  ΣacM (δ) = 0 #
 δ ∈ Bb(R)  # 
 










D∗ΣacM (δ ∩ D)D =
∫
δ∩D
ΨD∗ΣM D(t)dt, δ ∈ Bb,
 5
  ΣacM (δ) = 0  # 
 
  # ΨD∗ΣM D(t) = 0 #  t ∈ δ ' 
 dMD (t) =
dim(ran (ΨD∗ΣM D(t))) #  t ∈ R & 8
  ΣacM (δ∩D) = 0  # 
 
  # dMD (t) = 0 # 
t ∈ δ∩D '   & 2  ΣacMB (δ∩D) = 0  # 
 
  # dD∗MBD(t) = 0 #  t ∈ δ∩D
) * ' 
  	2 
 dMD (t) ≤ dMDB (t) #  t ∈ D, 
    
  
  
ΣacM (δ ∩ D) ≺ ΣacMB (δ ∩ D)  = 1 &  NΣacM (t) = dMD (t) 
 NΣacMB (t) = dMDB (t)
#  t ∈ R C
 NΣacM (t) ≤ NΣacMB (t) #  t ∈ D &  2     	
ΣacM (· ∩ D)   2 	 
  ΣacMB (· ∩ D)D # G8
  
 ,) * ' 






,  = ,D &   EacA0(· ∩ D)   2 	 
  EacAB (· ∩ D)
%22 
 = ) * & 2  2#
)  * "# dMD (t) = dD∗MBD(t) #  t ∈ D, 
 ΣacM (· ∩ D) ∼ ΣacMB (· ∩ D)  = 1D
NΣacM (t) = dMD (t) 
 NΣacMB (t) = dMDB (t) #  t ∈ R &   2    2 	
ΣacM (· ∩ D) 
 ΣacMB (· ∩ D)  2 @	 
D # G8
  
 ,)  *  = ,D
EacA0(· ∩ D) 
 EacAB (· ∩ D)  2 @	 
 %22 
 = )  * & 2  
	 
 
		 2 A0EacA0(D) 
 ABEacAB (D)  	
   @	 
 
= , 	  2 # 	
  @	 





# A   
  
 #  #	
 
 dMD (·) 
 dMDB (·).
2 *  A    




 Ã′  A  	
ac
  







 & #& & 	  A    
 8
  2    2  





 # A &    8. %
  A0 & 
  Ã = Ã∗ ∈ Ext A
A	 & 	 
(Ã− i)−1 − (A0 − i)−1 ∈ S∞(H). )*
"   (
&
 ) EF   .   	
  2 Π := {H,Γ0,Γ1} # A∗ 	  A0 :=
A∗  ker (Γ0) 5# 	D  	
  2 Π   
 	
 @	  
   	2 

A0 := A∗  ker (Γ0) "# Π1 
 Π2  & 	 	
  2 # A∗D 




 M2(·)    )* )# EF*
 .  	
  2 Π := {H,Γ0,Γ1} # A∗ 	  A0 = A∗ker (Γ0)  <2  
 
     
  
 Θ = Θ∗ ∈ C̃(H) 	  Ã = AΘ "
 
D Θ   
  2 # 

2D Θ ∈ C(H) C&D  	 	  Θ    2 
 2 B  <2  

 &   (B − i)−1 ∈ S∞(H)D  
D  B    #!7 
 2 &   
2	 C
D (B)∩R = ∅. "
 & #& & 	 & 	  # 
   0 ∈ (B).
% 
   2 2  
 &  B−1 = DJD &
D := |B|−1/2 = D∗ ∈ S∞(H) 
 J := sign(B) = J∗ = J−1. )*
?D D ∈ S∞(H)D ker (D) = {0}D 
 D 	 &  J   
G(z) := J −MD(z), z ∈ C+, ),*
MD(z) := DM(z)DD z ∈ C+D  		 5 	D MD(z) 
 −G(z)  R!#	
 
 
 ker (G(z)) = {0} #  z ∈ C+ "
D  # G(z)f = 0D 
 Jf = DM(z)Df. C
D
Im(M(z)Df,Df) = Im(Jf, f) = 0 &    Df = 0  f = 0 ' 
 J     2
 # 
 ker (J) = ker (J∗) = {0} & 8
  ED = 16F  G(z)   	
  
 
# z ∈ C+   T (z) := G(z)−1D z ∈ C+ 
 






   MD(·). +D T (z)− J = T (z)MD(z)J ∈ S∞(H) # z ∈ C+
 *  %+ ,%
# 	





    
   2 
 @	   H
 2#
#    >
	!:  "
 #D & 2  
 ; 
 #  >
	!
:  	   
 
 : 
 E6F &   
	 














)# *   A0  




(Ã− i)−1 − (A0 − i)−1 ∈ S1(H). )*
#
    

  	 Ãac  
 Aac0  Ã  





	  2 Ãac 
 Aac0  
  #&( # .
 
  & 
A := A0  dom(A), dom (A) = {f ∈ dom(Ã) ∩ dom (A0) : A0f = Ãf}.
5 	D &  A := Ã  dom(A) ?D A       2  




 A0, Ã ∈ Ext A
  & 	  A   
 8
 B Π = {H,Γ0,Γ1}   ) 
* 	
  2
# A∗, 	  A0 := A∗  ker (Γ0)D 







Ã = Ã∗ ∈ Ext A 
 Ã 
 A0   7 
D   D dom (A) = dom (A0) ∩ dom (Ã) C
D 
<2  
 )  *D  .  
 2 B = B∗ ∈ C(H) 	  Ã = AB.
" #& # )* 
 )*  MB(z) := (B −M(z))−1 ∈ S1(H) # z ∈ C+ "
 

&  E1D B FD   E,FD     MB(t) := limy→+0MB(t + iy) .   
 S2(H)D #
 t ∈ R  = ,       	P  	  	 2   #	
 
 dMB (t) :=
rank (MB(t)) = dim(ran (Im(MB(t))))
" #& # )* 
 ),* 
T (z) = G(z)−1 =
(
J −MD(z))−1 = (J −DM(z)D)−1 )1*
= D−1
(




 &  )*  
MB(z) := (B −M(z))−1 = DT (z)D, z ∈ C+.
"
 	
D   @	   2 
Im(MB(z)) = DT (z)∗ Im(MD(z))T (z)D, z ∈ C+. )6*
+D  
MD(z) ∈ S1(H) 
 T (z)−J ∈ S1 # z ∈ C+D  E1D B F )  E,F*D
#  t ∈ R 
 y → 0  .      MD(t) 
 T (t)  
 S2(H)!







 T (t+ iy)D 2  =# 2 
       
 )6*
 y → 0 & 
Im(MB(t)) = DT (t)∗ Im(MD(t))T (t)D #  t ∈ R. )*
=# & 8

dMB (t) = dim(ran (Im(MB(t)))) )9*
= dim(ran (
√




 (J −MD(t))T (t) = T (t)(J −MD(t)) = I #  t ∈ R, & 8
 ran (T (t)) = H # 
t ∈ R ? 
 
    
 &  ran (D) = H 
 )9* &  

dMB (t) = dim(ran (
√
Im(MD(t)) )) = dim(ran (Im(MD(t)))) = dMD (t) )*
#  t ∈ R %22 
 = ,)  * & 2   2 #  2#
1
















   2 2  
 E,D 6F " 	
 	  
2#  
           
"
  #& 




 # A0 
 Ã ∈ Ext A  






2 *  A    
  
  	 	 	 




 	 	 	 A∗  





A0 := A∗  ker (Γ0)  
 D ∈ B(R)
) *  Aac0 EA0(D)     	  ÃacE eA(D) 	  
 

 Ã = Ã∗ ∈ Ext A 
  A0, 

Aac0 EA0(D)     	  ÃacE eA(D) 	  
 

 Ã = Ã∗ ∈ Ext A.
)  *  Aac0 EA0(D)  
 	 " 
  ÃacE eA(D) 	  
 






0 EA0(D)  
 	 " 
     










 Ã ∈ Ext A &    
  7 
 &  A0    2!

 
 ÃΘ &  Θ = Θ∗ ∈ C̃(H) \ C(H). C&D Θ    2  
 H = Hop ⊕H∞,




  πop  
 27 
 # H 
 Hop 
 Mop(z) := πopM(z)  HopD &
 (Θ −M(z))−1 = (Bop −Mop(z))−1πop. =# #	 )* (  #
(AΘ − z)−1 − (A0 − z)−1 = γ(z)(Bop −Mop(z))−1πopγ(z)∗, z ∈ C±.
? 
 2 B∞ = B∗∞ ∈ C(H∞) 	  (B∞− i)−1 ∈ S1(H∞) 
 2	 B = Bop⊕B∞.
" #& # <2  
  
(AΘ − z)−1 − (AB − z)−1 ∈ S1(H),
 
 (B∞ − i)−1 ∈ S1(H∞).  =   	 
 
		 2 AacΘ 
 AacB # AΘ






 Aac0 EA0(D)    2 # AacB EAB (D) 
 AacB   	
   @	 
  AacΘ
&   Aac0 EA0(D)    2 # AacΘ EAΘ(D)
)  * ' 
D  	2 
D Aac0 EA0(D)   	
   @	 
  AacB EAB (D) 
 AacB   	
  
@	 
  AΘD &   Aac0 EA0(D)   	
   @	 





	!:  #   # 2 2	 
 =  









  #  t ∈ R =       # 
 
  #  
   M(t) := &!limy→+0M(t+iy)
.  
  	
 2 #  t ∈ R "
D  D = D∗   C !' 
2 	  ker (D) = {0} 
  MD(z) := DM(z)DD z ∈ C+ ' 
     MD(t) :=
!limy→+0MD(t+ iy) .  
    	




(M(t+ iy)Df,Dg) = (MD(t)f, g), f, g ∈ H, #  t ∈ R.
C
     limy→+0(M(t + iy)h, k) .  #  t ∈ R 
 h, k ∈ ran (D) &    
. 
 # M(t) := &!limy→+0M(t+ iy) #  t ∈ R = 
 
    	
& &    2   
 	 #    

6
)# *  A    
  
  	 	 	 




 	 	 	 A∗  








  A  





 	   t ∈ R  
 

 )*     
    

  	 Ãac  

Aac0  Ã  
 A0 	  	 
 	 " 

*      2#  
  2
) *   & 	   .
 
 Ã 
 A0   7 
D    Ã = AB & B = B∗ ∈
C(H). 8
  2 D ∈ S∞(H)  
 





 MD(z) := MD(z) := DM(z)DD z ∈ C+ B MD(t) := DM(t)D. ' 
  )&(*





‖MD(t+ iy) −MD(t)‖ = 0 #  t ∈ R. )*
B δa := {t ∈ R : ‖M(t)‖ ≤ a} ' 
 D = D∗     

!







& {μl}∞l=1D     
 @	
 #  








 μl → 0  l → ∞,  .   
	 la ∈ N 	  μla < 1/
√





l=1QlH. ?D H = H1 ⊕ H2 
 dim(H2) < ∞. +D 
2 D    #& 
 2  










 μla < 1/
√




‖D1M(t)D1‖ < 1/2, t ∈ δa. )*
G
  P1 
 P2  
 27 
 # H 
 H1 
 H2D 2   
P1J = JP1 
 P2J = JP2
)  * 5	 
.      &   2 #	
 





























z ∈ C+D 






, z ∈ C+,
& J1 := JP1 
 J2 := JP2
(ii)1 B 	 2  ker (J1 −MD11(z)) = {0} # z ∈ C+ "
D # 0 = J1g −MD11(z)g =
J1g−D1M(z)D1g 
   0 = Im(MD11(z)g, g) = (Im(M(z)D1g,D1g) C
 0 = D1g = Dg
&    g = 0 ' 
 0 ∈ (J1) 
 MD11(·) ∈ S∞, &  
   2 J1 −MD11(z) =
J1(I1 − J1MD11(z))   	
  
  #  z ∈ C+ ' 
 MD11(z)    RH1!#	
 
D &












Ξ(t) = (J1 −MD11(t))−1. )*
  & 
  J1 − MD11(z) = J1(I1 − J1MD11(z) A 
 )* &  ‖J1MD11(t)‖ < 1 #
t ∈ δa C
   
 2 (I1 − J1MD11(t))−1 .  # t ∈ δa A 
 (J1 −MD11(t))−1 =
(I1 − J1MD11(t))−1J1 & 8
    
 2 (J1 −MD11(t))−1 .  # t ∈ δa ' 

MD11(z)     M
D
11(t) #  t ∈ R 
   J1MD11(t) = !limy→+0 J1MD11(t + iy) #
 t ∈ R  . 
 	 t0 ∈ δa. =
 	    )*  .  η = η(t0) 	 




 8. t0 ∈ δa. A 
   # 
 )* & 
 2      
y → 0  
   
 
(I1 − J1MD11(t0 + iy))−1 − (I1 − J1MD11(t0))−1
= (I1 − J1MD11(t0 + iy))−1(J1MD11(t0 + iy)) − J1MD11(t0))(I1 − J1MD11(t0))−1.
  
 !limy→+0((I1 − J1MD11(t+ iy))−1 = (I1 − J1MD11(t))−1 #  t ∈ δa &    
. 




(ii)3 . & 
Δ(z) := MD22(z) +M
D
21(z)(J1 −MD11(z))−1MD12(z), z ∈ C+.

 &   #	
 
 T2(·) := (J2 − Δ(·))−1   RH2 !#	
 

?D Δ(·)   2   
 C+ 




 C  2 H2 ' 

det(J2 − Δ(·))    2   
 C+,   

 det(J2 − Δ(·))  




 2 T2(·) := (J2 − Δ(·))−1 .  # z ∈ Ω ⊂ C+ &
C+ \ Ω     	
   D   D T2(·)   2   
 C+
% & 7	 
 
   
 2 (J2−Δ(z))−1 .  # z ∈ Ω ⊂ C+ ? 
 z ∈ Ω.
=
D   
 	 #	D












T2(z) = P2T (z)  H2, z ∈ Ω.
' 
 T (·)    RH!#	
 





 C+D & 





   2 & &  # 
 a > 0     T (t) := !limy→+0 T (t + iy) .   

 2 
 #  t ∈ δa ' 
 T2(·)     . RH2!#	
 
D     T2(t) =
!limy→+0 T2(t+ iy) .  #  t ∈ R  D )*  
lim
y→+0
‖MD12(t+ iy) −MD12(t)‖ = 0 
 lim
y→+0
‖MD21(t+ iy) −MD21(t)‖ = 0
#  t ∈ R ? 
 
   
 &  )* 
 )*    . 
 # 
   T1(t) := !limy→+0 T1(t + iy) #  t ∈ δa  
D  
 




 ),* & 2  2# # )  *
(iii) A 
  	 # )  * &  
&  
  2  2# #    




n∈N δn  H # R    # B	 	
9






     T (t) := !limy→+0 T (t+ iy) .  #  t ∈ R ? 
 
   # & 
)* & 
 2       
   
  (J −MD(t+ iy))T (t+ iy) = I  y → 0.  
(J −MD(t))T (t) = T (t)(J −MD(t)) = I #  t ∈ R )1*
=  #  2#        # =    & 	  Ã    7 

&  A0D 
D      2
 




 & 	  # 
   0 ∈ (B) &     2
 





 )* &  

dMB (t) = dim(ran (
√





Im(M(t)) )) = dim(ran (Im(M(t)))) = dM (t)
#  t ∈ R %22 
 = ,)  * & 2  2#
 
D & 22 ?   .




 &  A0. 
56 * = 	  &   2#  












 2 2  
 E,D
6FD # 2# # =  C&D  	2 
 






 	      # = ,)  * 
 = ,
2 *    
  #	 1/      
 
F := {t ∈ R : m+(t) <∞}. )6*
 

 )*  
   	 ÃacE
eAac(F)  














∥∥∥Im(M(i))−1/2 (M(t+ iy) − Re(M(i))) Im(M(i))−1/2∥∥∥ , )*
# t ∈ R   #	
 
 
   2  m+(t)   8
   # 
 
  # m+(t)   8
 
) * = @	
  m+(t)   
       
 
/ B A   
 8
 
  2D Π = {H,Γ0,Γ1}  	
  2 # A∗, 





 	D  Π̃ = {H̃, Γ̃0, Γ̃1}  
 	




  A0 := A∗  ker (Γ0) = A∗  ker (Γ̃0) "
    M(·) 
 M̃(·)    )*
C&D m̃+(t) = m+(t) # t ∈ RD & m+(t)    
  2 
  
 )* M(·)  M̃(·)
)  * 	D  #   #	
 
 M(·)  8 M(i) = iD 
 m+(t) = m+(t) # t ∈ R












 m̂ +(t)D  
 # )* 2 
M(·)  M̂ (·) := πM(·)  Ĥ D
   8
  
  8 m̂ +(t) ≤ m+(t) # t ∈ R

 	   	 		
"     

B Sn    
 8
   2  
 Hn, n+(Sn) = n−(Sn), 
 
Πn = {Hn,Γ0n,Γ1n}   	








?D A     
 8
   2  
  C  2 H :=
⊕∞
n=1 Hn & 
n±(A) = ∞. ?


























   -
J  
 
(S∗nfn, gn) − (fn, S∗ngn) = (Γ1nfn,Γ0ngn)Hn − (Γ0nfn,Γ1ngn)Hn ,
fn, gn ∈ dom (S∗n)D  #  S∗nD n ∈ N =     -
J  
  )1* # A∗ :=
A∗  dom(Γ)D dom (Γ) := dom (Γ0)∩dom (Γ1) ⊆ dom(A∗)D   D # f = ⊕∞n=1fnD g = ⊕∞n=1gn ∈
dom(Γ) & 
(A∗f, g) − (f,A∗g) = (Γ1f,Γ0g)H − (Γ0f,Γ1g)H, f, g ∈ dom (Γ), )1*
& A∗ 
 Γj  8
  )1,* 






  dom(A∗)  
 
D  
 dom (Γ)    




  Γj  
 	
  22 




.2 #    	 Π = ⊕∞n=1ΠnD &   
 #  	





 & &      & 2    #  	
  2 Πn  
 	 
&   
& @	
 Π̃n = {Hn, Γ̃0, Γ̃1} # 	
  2 # S∗n  8  #& 

22 / Π̃ = ⊕∞n=1Π̃n #  	




S̃0n := S∗n  ker (Γ̃0n) = S∗n  ker (Γ0n) =: S0n, n ∈ N. )11*
C
 Ã0 := ⊕∞n=1S̃0n = ⊕∞n=1S0n =: A0.  
   . 
 #  	
  2
Π′ = {H,Γ′0,Γ′1} # A∗  # 
 ker (Γ′0) = dom (A0)   (
&




  2  # )1* #  	
  2 # A∗ 	  
   (! 





 1D 1, &*
  &    2 
  
! *   S    
  
  	 	 	  "   
 

Π = {H,Γ0,Γ1}   
 	 	 	 S∗  













 M̃(·)    M̃(i) = i
* B M(i) = Q+ iR2 & Q := Re(M(i)), R :=
√
Im(M(i))  
Γ̃0 := RΓ0 
 Γ̃1 := R−1(Γ1 −QΓ0). )16*

%  #& 2	 
 &  Π̃ := {H, Γ̃0, Γ̃1}    	
  2 # A∗ ?D
ker (Γ̃0) = ker (Γ0) =  #	
 
 M̃(·) # Π̃    
  M̃(·) = R−1(M(·) − Q)R−1 & 
  M̃(i) = i 
"# S    
 8
    2  
 HD 








+ N−i  & N±i := ker (S∗∓i) @	 22 

dom(S∗) &    

 2	
(f, g)+ := (S∗f, S∗g) + (f, g), f, g ∈ dom(S∗), )1*

  
  C  2 
  H+ = 8  	






H+ = dom (S) ⊕ Ni ⊕ N−i.
! *  S    








  M(i) = i 
  	 	 Γ : H+ −→ H⊕H
Γ := (Γ0,Γ1)	    
	 
 $		 Γ 	    N := Ni ⊕ N−i 
 H
*  & 









+ N−i = dom (S∗) "
D  
 dom(S) = ker (Γ0) ∩
ker (Γ1)D & 8

‖Γ(f + fi + f−i)‖2H⊕H = ‖Γ0(fi + f−i)‖2H + ‖Γ1(fi + f−i)‖2H.
?D
‖Γj(fi + f−i)‖2H = ‖Γjfi‖2 + 2 Re((Γjfi,Γjf−i)) + ‖Γjf−i‖2, j ∈ {0, 1}. )1*
A 
 Γ1fi = M(i)Γ0fi = iΓ0fi 
 Γ1f−i = M(−i)Γ0f−i = −iΓ0f−i &  

‖Γ1(fi + f−i)‖2H = (Γ0fi,Γ0fi) − 2 Re((Γ0fi,Γ0f−i)) + (Γ0f−i,Γ0f−i) )1*
=( 
  	 # )1* 
 )1* & 
‖Γ0(fi + f−i)‖2H + ‖Γ1(fi + f−i)‖2H = 2‖Γ0fi‖2H + 2‖Γ0f−i‖2H. )1*
? 
 
 @	   Γ1f±i = ±iΓ0f±i &  -
J  
  )* &  
 ‖Γ0fi‖H = ‖fi‖ 

‖Γ0f−i‖H = ‖f−i‖ =# )1* (  #
‖Γ0(fi + f−i)‖2H + ‖Γ1(fi + f−i)‖2H = 2‖fi‖2 + 2‖f−i‖2. )1*
%  #& 2	 
 & ‖fi + f−i‖2+ = 2‖fi‖2 + 2‖f−i‖2 &   &  )1*
2 )19* ' 




5 	D Γ   
   # N  
 H ⊕H ' 
 Π    	
  2 # S∗D ran (Γ) =
H⊕H. C
 Γ   
   # N 
 H⊕H 
< 
    	 )1*D & @	 2 dom (A∗n) 




C  2 H+n 




 2	 (f, g)+n 

(f, g)+  8
  )1* &  S 2  Sn 
 AD 2  5 	D H+ =
⊕∞
n=1 H+n.
)# *  {Sn}∞n=1    "
  
  
  	 	 	
dom(Sn) ⊂ Hn n+(Sn) = n−(Sn)  
  S0n = S∗0n ∈ Ext Sn  		  A  
 A0 









 	  
 	 	 Πn := {Hn,Γ0n,Γ1n} 	 S∗n    S0n = S∗n 
ker (Γ0n) n ∈ N  
  	  Π = ⊕∞n=1Πn  




	 	 A∗  

















 γn(·)  	   

  
  γ  		






 M(i) = iI 
*   S0n = S∗0n ∈ ExtSn  .   	
  2 Πn = {Hn,Γ0n,Γ1n}
# S∗n 	  S0n := A∗n  ker (Γ0n) ) EF*  B 1 & 
 	 & 	 
# 




 Mn(·)  8 Mn(i) = i  B 1
 22 
 Γn := (Γ0n,Γ1n)	 : H+n −→ Hn ⊕ HnD   
  #  n ∈ N C

‖Γj‖ = supn ‖Γjn‖ ≤ 1, j ∈ {0, 1}D & Γ0 
 Γ1  8
  )1* " #&  
22 
 Γ0 
 Γ1  &!8
 







  )1*  #  f, g ∈ dom (A∗).
	D &  N±in := ker (S∗n ∓ i)D Nn := Nin
.
+ N−inD N±i := ker (A∗ ∓ i) 
 N := Ni
.
+ N−i.
 B 1    
 Γn  Nn   
   # Nn,    	2 # H+n,

 Hn ⊕Hn ' 






 Γ  ND Γ :=
⊕∞
n=1 Γ
nD    2 N 
 H⊕H C
 ran (Γ) = H⊕H
@	   )1*     # G8
  
  




{Sn, S0n}, S0n := S∗n  ker (Γ0n)D n ∈ ND   	
   @	 
  {S1, S01}











 Ext A(0,∞)   

!2 ) ED F* =  Ext A(0,∞) 
 





 ) * .
 





   #& 
 . 22  
   Ext A(0,∞) :
(AF + x)−1 ≤ (Ã+ x)−1 ≤ (AK + x)−1, x > 0, Ã ∈ Ext A(0,∞).
2 * 3 

  #	 2/  Sn ≥ 0 n ∈ N,  
  SFn  





  Sn 	 #

AF = ⊕∞n=1SFn  
 AK = ⊕∞n=1SKn . )11*
* B 	 2  
 #  
 )11* = 8 
   2     =
1,  .   	
  2 Πn = {Hn,Γ0n,Γ1n} # S∗n 	  SKn = S0n 
 Π =
⊕∞n=1Πn    	
  2 # A∗
 . 
 x2 ∈ R+ 
 2	 C2 := ‖M(−x2)‖ =
 
 h = ⊕∞n=1hn ∈ H 
  2 
h = h(1) ⊕ h(2) &  h(1) ∈ ⊕pn=1Hn 
 h(2) ∈ ⊕∞n=p+1Hn 	  ‖h(2)‖ < C−1/22  C

|(M(−x2)h(2), h(2))| < 1 G	   








> −1, x ∈ (0, x2).
' 












 M(·) = ⊕∞n=1Mn(·)   (! 
D # )1*D &  # )16*
 # 









> N # x ∈ (0, x1). )1*
? 
 
 )16* &  )1* 
 	 
   
 # # M(·)D & 
(M(−x)h, h) = (M(−x)h(1), h(1)) + (M(−x)h(2), h(2)) > N − 1
# 0 < x ≤ min(x1, x2) =	D limx↓0(M(−x)h, h) = +∞ # h ∈ H \ {0}. %22 
 ED <2 !
 
 F & 2  
  






 # AF 
 AK  

#  2  @	  #
" 

 .	 % / ! 
C & 22 = ,    	 #   2 )1*D & 
 	












 *$  {Sn}∞n=1    "
  
  
  	 	 	
dom(Sn) ⊂ Hn n+(Sn) = n−(Sn)  
  S0n = S∗0n ∈ Ext Sn  		  A  
 A0 

  )1*  
 )1,* 	  Ã     
 

  A    






σac(S0n) ⊆ σ(Ã)  
 σac(Ã) ⊆
⋃
σ(S0n) = σ(A0). )19*
*    D 
  
 )*   σess(Ã) = σess(A0) C
⋃
σac(S0n) = σac(A0) ⊆ σess(A0) = σess(Ã) ⊆ σ(Ã)











)# *3  {Sn}∞n=1    "
  
  
  	 	 	
dom(Sn) ⊂ Hn n+(Sn) = n−(Sn)  




 	 	 	 S∗n    S0n = S∗n  ker (Γ0n) n ∈ N  












 	 )*  	 






 Ã  A  





  	 Ãac  





   σac(A0) = σac(Ã)
* B Π̃n = {Hn, Γ̃0n, Γ̃1n}   	
  2 # S∗n, n ∈ N, 8
  
 
)16*D    Γ̃0n := RnΓ0n 
















R−1n , n ∈ N.
,
' 
 M̃n(i) = i, n ∈ N,  = 1,D Π̃ = ⊕∞n=1Π̃n =: {H, Γ̃0, Γ̃1}    	
  2 #
A∗ = ⊕∞n=1Sn∗  # 
 A∗  ker Γ̃0 = A0 := ⊕∞n=1S0n  8
  
 # m+n (·) 
 	  >(
6 
  m+n (t) = m̃
+
n (t) := supy∈(0,1] ‖M̃n(t + iy)‖ # t ∈ RD n ∈ N ' 
 A0 = ⊕∞n=1S0n &
  m̃+(t) = supnm
+
n (t)D & m̃






 m̃+(t)   8
 D &  





2 *4    
  #	 25      
 
N := {t ∈ R : sup
n∈N
m+n (t) <∞}. )1*
 

 )*  
   	 ÃacE
eA(N )  






 T ′  
 8
    2  
 H 
  T0 




 # T 
 T ′D 2  "       2  {T, T0} 
 {T ′, T ′0}  	
  
@	 
  #  .   	
  2 U  
 H 	  T ′ = UTU−1 
 T ′0 = UT0U−1
2 *  3  

  #	 25      	 {Sn, S0n} n ∈ N,
 
 	 " 
    	 {S1, S01}      
	  

 m+1 (t)   
 	
  t ∈ R  
 

 )*     
    







    2 Sn  	
   @	 
D & 	 & 	  #

  Hn = H #  n ∈ N B Un   	
  2 	  A1 = UnSnU−1n 

A01 = UnS0nU−1n  %  #& 2	 
 &  Π′n := {H,Γ′0n,Γ′1n}D Γ′0n := Γ01Un

 Γ′1n := Γ1nUnD 8
  	
  2 # S
∗







 Π′n   M
′
n(z) = M1(z) C
 m
+
n (·) = m′+n (·) 
 m+1 (t) = m′+n (t) # t ∈ R, & m+n (t)








    2 Πn 
 Π′nD
2   >( 6) *D m+1 (t) = m
+
n (t) # t ∈ R 
 n ∈ N %22 
 = 19 &
2  2# 





C &  2  2 	 	 	 
  n±(Sn) < ∞.  D & &  .
 

A0 = ⊕∞n=1S0n(∈ Ext A) #  # )1,* 2   
 2  
   22 =  

 &  &   #& 
 






    	  6	  
H  




) * dim(ran (H)) = dim(ran (
√
H))
)  *  L∗L ≤ H 
 dim(ran (L)) ≤ dim(ran (H))




 dim(ran (PHP )) ≤ dim(ran (H))
* =  
 ) *    	
)  * "# L∗L ≤ H D 
     
 
 C 	  L = C√H. C
 dim(ran (L)) =
dim(ran (C
√
H)) ≤ dim(ran (√H)) = dim(ran (H))
)   * ?D dim(ran (PHP )) ≤ dim(ran (HP )) ≤ dim(ran (H)) 

)# *   {Sn}∞n=1    "
  
  
  	 	 	
dom(Sn) ⊂ Hn  n+(Sn) = n−(Sn) < ∞ n ∈ N  
  S0n = S∗0n ∈ Ext Sn    
A  
 A0  
  )1*  
 )1,* 	 #




*  = 1,     @	
 # 	
  2 Πn := {Hn,Γ0n,Γ1n}D n ∈ ND
# S∗n 	  S0n = S∗n  ker (Γ0n)D n ∈ ND 
    	 Π = {H,Γ0,Γ1} =
⊕∞
n=1 Πn #
 # )1*    	
  2 # A∗  # 
 A0 = A∗  ker (Γ0)  <2  
 D 

Ã = Ã∗ ∈ Ext A    2
 
 Ã = AΘ &  Θ = Θ∗ ∈ C̃(H).  ? ) *D &

 	  Ã 
 A0,   7 





 MB(·) := (B −M(·))−1D & M(·) =
⊕∞
n=1Mn(·)D # )1* ?D
Im (MB(z)) = MB(z)∗Im (M(z))MB(z), z ∈ C+.
G
  PN D N ∈ ND  
 27 
 # H 









 # #M(·) 

  
@	  Im (M(z)) > 0 &  

Im (MPNB (z)) = Im (PNMB(z)PN ) )1*
= PNMB(z)∗Im (M(z))MB(z)PN ≥MPNB (z)∗Im (MPN (z))MPNB (z),









    MPNB (t) := !limy→+0M
PN
B (t+ iy) 
 M
PN (t) := !limy→+0MPN (t+ iy) .  # 
t ∈ R  )1* & 
Im (MPNB (t)) ≥MPNB (t)∗Im (MPN (t))MPNB (t) #  t ∈ R. )1*
' 
 MB(·)    
 ;  #	
 
D        RH!#	
 
D   D ker (Im (MB(z))) =
{0}, z ∈ C+ =#D MPNB (·)      C
 0 ∈ (MPNB (z))D z ∈ C+D 
 GN (·) :=
−(MPNB (·))−1     ' 
  GN (·) 
 MPNB (·)   .!	 R!#	
 
D    
MPNB (t+ i0) := limy→+0M
PN
B (t+ iy) 
 GN (t+ i0) := limy→+0GN (t+ iy) .  #  t ∈ R.
=#D 2 
       
   
  MPNB (t + iy)GN (t + iy) = −I  y → 0, & 
MPNB (t + i0)GN (t + i0) = −I #  t ∈ R. C
















(t) #  t ∈ R.
' 
 MPNB (t)    
  #  t ∈ R, & 8











(t) #  t ∈ R. )1*
B DN = PN ⊕D0 & D0 ∈ S2(H⊥N ) 
  # ker (D0) = ker (D∗0) = {0} =
 ker (DN ) =
ker (D∗N ) = {0} 
 PN = PNDN = DNPN   B 1)   *D dMPN (t) ≤ dMDNB (t) # 
t ∈ R 	D # 
 D ∈ S2(H) 
  # 
 ker (D) = ker (D∗) = {0}, dMDB (t) = dMDNB (t)
#  t ∈ R. ? 
 
   @	  &  )1* &  dMPN (t) ≤ dMDB (t) #  t ∈ R 











#  t ∈ R, & 8
 2  dMD (t) ≤ dMDB (t) #  t ∈ R 5
 2  2# 
22 
 = ,) * 
1
2 *     
  #	 20,      
  Sn ≥ 0 n ∈ N
		  A  
 A  
  )1*  
 )1,* 	 #






 AK  A  	 ac
  
  	 	 (AF )ac  






 = 1 
 ? 11     
 
2 *     
  #	 20,      
 
D := {t ∈ R :
∑
n∈N





 )*  
   	 ÃacE
eA(D)  
 Aac0 EA0(D)   	 	
Ã  
 A0, 	  	 
 	 " 

*  )1,* 
 )1*D dMD (t) = +∞ #  t ∈ D %22 
 = 1 
 =
)  * & 2  2# 
2 *     
  #	 20,      
  N  
 D  
 
)1*  
 )1* 	  

 )*    
   	 ÃacE
eA(D ∪ N )  

Aac0 EA0(D ∪N )  	 
 	 " 

*  ? 1D  2 ÃacE
eA(N ) 
 Aac0 EA0(N )  	
   @	 
 ?
1    	
  @	 
 #  2 ÃacE
eA(D) 
 Aac0 EA0(D) C
  2
ÃacE
eA(D ∪N ) 
 Aac0 EA0(D ∪N )  	
   @	 
  
2 *  3 

  #	 20, #

⋃





 )*     
  










* = 8 
    #& # = 1 > 
 )11*    2 
 <2  
 1 
2 * $ 3  






 )*   
 	  
 Ã ∈ Ext A  ac 	 Ãac
 
 Aac0  	 
 	 " 

56 * 3 ) *   2   n±(Sn) = 1D n ∈ ND = 1 2
 ED ?!
 1F &   
	 
 σac(A0) ⊆ σac(Ã) & 2 +D ? 1   
   	
  
 ; 
 # ED = 16) *F    n±(Sn) > 1 C&D  

  n±(Sn) = 1, ? 1    2   ED = 16) *F &  	
  @	 

# Ãac = ÃacB 
 A
ac
0 & 2 	
  &( 	2 










@	 NEacA0 (t) ≤ NEaceA (t)  
 = 1      
 # t ∈ σac(A0) "
D
	  (α, β)    2 #  .2 #  2 S1, . . . , SN  ' S1 := ⊕Nn=1Sn 

S2 := ⊕∞n=N+1Sn =
 n±(S2) = ∞ 
 (α, β)    2 # S2.  E9F  .  S̃2 = S̃∗2 ∈ Ext S2
 
 ac!2	 &  
 (α, β) #   	 2   +D 
 # 2 A =
⊕∞n=1Sn  # 
 	2 
 # ? 1 &  n±(Sn) = 1   
	 
 σac(A0) ⊆ σac(Ã)
     &
 
  
 )*    D # E9F  ED = F &  	

 22
 # 2  2	   &  
 
 2  &  
  2 # A0
6
 	 ! 		 "# 		

&   
B H   2 C  2 % 		D L2(R+,H) := L2(R+) ⊗ H 
 #  C 
2 # )&(* 	 !#	
 












B T = T ∗ ≥ 0   	
 2  
 H G




 H := L2(R+,H)    H
  .2 
 A = − d2dx2 ⊗ IH + IL2(R+) ⊗ T  "   (
&
 )
ED 9F*  A    
 
(Af)(x) = −f ′′(x) + Tf(x), f ∈ dom (A) = W 2,20 (R+,H), )6*
& W 2,20 (R+,H) := {f ∈W 2,2(R+,H) : f(0) = f ′(0) = 0}





  2     ED .2
1,F  A    2 = 7 
 2 A∗    
  ED = ,F
(A∗f)(x) = −f ′′(x) + Tf(x), f ∈ dom (A∗) = W 2,2(R+,H). )6*
 E1D = ,F   2 Γ0, Γ1 : dom (A∗) → H,
Γ0f = f(0) 
 Γ1f = f ′(0), f ∈ dom (A∗), )6,*
 & 8
 +D  8 
 	2 Nz(A)  
Nz(A) = {eix
√
z−Th : h ∈ H}, z ∈ C±. )6*
! *  3 	 Π = {H,Γ0,Γ1}  Γ0  
 Γ1  
  )6,* 	   
 	 	







z − T = i
∫ √






  2 = 	7   #  22 

Γ := (Γ0,Γ1)	 : dom (A∗) → H ⊕ H      # )6,* 
 E1D = ,F 	
)61*    2   )6* 







  A  
 Π =
{H,Γ0,Γ1}   
  )6*  







 m+(t)    

 M(·)   
 	   t ∈ R
 
   
m+(t) ≤ 2(1 + t2)1/4, t ∈ R. )66*
)  * #  M(t+ i0) := !limy→+0M(t+ iy)   
  
 " 




t− λdET (λ) 	  
 t ∈ R. )6*
)   * dM (t) = dim(ran (ET ([0, t)))) 	  
 t ∈ R

* ) * "      # )61* 
 8
  

















∣∣∣∣ = tan(ϕ2 ) = 1λ+ √1 + λ2 ≤ 1, λ ≥ 0.
	D & ∣∣∣∣√t+ iy − λIm(√i− λ)
∣∣∣∣ ≤ √2
√√




≤ 23/4(1 + t2)1/4
# λ ≥ 0D t ∈ R 
 y ∈ (0, 1] &    )66*
)  *  )61* & 8
 M(t) := M(t + i0) := !limy→+0 i
√
t+ iy − T = i√t− T , # 
 t ∈ R,
&  2 )6* ?D M(t) ∈ [H]  
 T ∈ [H].
)   * " #&  Im(M(t)) =
√
t− TET ([0, t))D &    dM (t) = dim(ran (Im(M(t)))) =
dim(ran (ET ([0, t)))) 
   2 A = Amin     
	    )* @	  # t′F [f ] :=
(Af, f), dom(t′) = dom (A). " 	 tF    
 














 AF # A    #!7 
 2   &  tF  ?D AF = A∗ 
(dom (A∗) ∩ dom (tF )).
)# *  T ≥ 0 T = T ∗ ∈ [H]  
 t0 := inf σ(T )  A   
  )6*  

Π = {H,Γ0,Γ1}  
 	 	 	 A∗  
  )6,* #

) *  		 

 AF 
  A0   
dom (AF ) = dom (A∗) ∩ dom (tF ) = {f ∈ W 2,2(R+,H) : f(0) = 0} = dom (A0),
 
 AF 		








 AK  
 
dom(AK) = {f ∈W 2,2(R+,H) : f ′(0) +
√
Tf(0) = 0}. )6*




Th : h ∈ ran (T 1/4)}  
  		
 AK 
dom(AK) ∩ H⊥0    

    H⊥0 = Hac(AK)  
 AK = 0H0 ⊕ (AK)ac
)   * # 

 A1 := A∗  ker (Γ1) 
  AN  dom (AN ) := {f ∈ W 2,2(R+,H) :
f ′(0) = 0}  A1 		





 $		 AN   


 (AN )ac = AN  
 σ(AN ) = σac(AN ) = [t0,∞)
) * # 	 	 AF  (AK)ac  




* ) * B Π = {H,Γ0,Γ1}   	
  2 8
  
 B 6  & 
AF = A0 := A∗  ker (Γ0) " #& # )6* 
 )6,*  dom(A0) = {f ∈ W 2,2(R+,H) :
f(0) = 0} ' 




" #& # )6* 
 ED = ,F  σp(A0) = σsc(A0) = ∅ C






 B 6)   * 
 <2  
 , &  σ(A0) = σac(A0) =
clac(supp (dM )) = [t0,∞) &  2 ) *
)  *  ED <2  
 1F AK   8
  AK = A∗  ker (Γ1 −M(0)Γ0). " #& # )61*
 M(0) = −√T  =#D AK   8
  )6*
" #& #  . 22 #  : 
 .
 
  ker (AK) = ker (A∗) ?D
fh(x) := exp(−x
√

























 =	D H′0 ⊂ ker (A∗). "     




    #  2	 # AK 




  AK 
" #& # )61* 
 <2  
  












z − T −
√





& Φ(z) := 1z [i
√
z − T + √T ] " #&  # t > 0
ImMK(t+ i0) = Im Φ(t+ i0) = t−1
√
t− TET ([0, t)). )6*
C
D  ED =,FD σp(AK) ∩ (0,∞) = σsc(AK) ∩ (0,∞) = ∅ " #& # )6* 
Im (MK(t+ i0)) > 0 # t > t0  <2  
 , σac(AK) = [t0,∞) 	D   #& #
)6* 
 )6*  # 
 t > t0
dM (t) = rank (Im(M(t)))
= rank (ET ([0, t))) = rank (Im(MK(t))) = dMK (t)
? 
 
   @	  &  σac(AK) = σac(AF ) = [t0,∞), & 










  A1 = A∗  ker (Γ1 − 0Γ0)  
M0(z) := (0 −M(z))−1 = i(z − T )−1/2 = i
∫
1√
z − λdET (λ), z ∈ C+.
' 
 M0(·)   	 &  
 (−∞, t0), &  (−∞, t0) ⊂ (A1) 	D  τ > t0  
Hτ := ET ([t0, τ))H 
 
  # 
 h ∈ Hτ 





(t− T )−1/2h, h) = i ∫ τ
t0
1√
t− λd(ET (λ)h, h). )6*
C
 # 
 h ∈ Hτ \ {0} 
 t > τ
0 < (t− t0)−1/2‖h‖2 ≤ Im (M0(t+ i0)h, h) =
∫ τ
t0
(t− λ)−1/2d(ET (λ)h, h) <∞.
 ED <2  
 FD σac(A1) ⊇ [τ,∞) # 
 τ > t0, &    σac(A1) = [t0,∞) "
 
  &  A1   2	 	 
 
		 ' 




ED = ,F   	
D   
   ac!2	 # A1 & 
 	 ED ?
F  
 t ∈ R, y > 0, 
 h ∈ H & 













((λ− t)2 + y2)1/4 d(ET (λ)h, h), t ∈ R, y > 0, h ∈ H.
C

Vh(t+ iy)p ≤ ‖h‖2(p−1)
∫
1
((λ− t)2 + y2)p/4 d(ET (λ)h, h), p ∈ (1,∞).
 &  # p ∈ (1, 2) 
 −∞ < a < b <∞




Vh(t+ iy)p dt <∞.
?D ∫ b
a

















D  # p ∈ (1, 2) 









dt =: κp(b, a− ‖T ‖) <∞,
C
 Cp(h; a, b) ≤ κp(b, a − ‖T ‖)‖h‖2p < ∞ # p ∈ (1, 2)D −∞ < a < b < ∞ 
 h ∈ H 











) * " #& # )6* 
 )6*  dM (t) = dMK (t) = rank (
√
t− T ) # t > t0 ? 
 

  @	  &  σac(AK) = σac(AF ) = [t0,∞), & 
	  AF 





  A1, & 	  1 ≤ dim(ran (ET ([0, s)))) = p1 < ∞ #  s > 0 B λkD
k ∈ {1, . . . , p}, p ≤ p1D    #   
  
	 &  
 [0, s) ' 
 M0(t+ iy)ET ([0, t))  
 p× p  .!#	
 









dM0(t)) := dim(ran (Im(M0(t)))) = dim(ran (ET ([0, t)))) = dM (t)
#  t ∈ [0, s) \⋃pk=1{λk}D   D #  t ∈ [0, s)
"# dim(ET ([t0, s))) = ∞D 
  .   2 
 s0 ∈ (0, s), 	  dim(ET ([0, s0])) = ∞

 dim(ET ([0, s))) < ∞ # s ∈ [0, s0)  
 t ∈ (s0, s)  τ ∈ (s0, t) 
 
 
dim(ran (ET ([0, τ)))) = ∞   Hτ := ET ([0, τ))H 
 H∞ := ET ([τ,∞))H  &  Tτ :=
TET ([0, τ)) 




 H∞D 2 D 	  ker (Dτ ) = ker (D∗τ ) = ker (D∞) = ker (D∗∞) = {0}
,
% 
   2  
 H = Hτ ⊕ H∞ &  M0 = Mτ ⊕M∞, D = Dτ ⊕ D∞ 

dMD0 (t) = dMDττ (t) + dMD∞∞ (t) #  t ∈ [0,∞). C
 dMD0 (t) ≥ dMDττ (t) #  t ∈ [0,∞)
?DMτ (t+ iy) = i(t+ iy−Tτ )−1/2. "# t > τ D 
 t ∈ (Tτ ) 
 M(t) := !limy→+0M(t+ i0)
.  

Mτ (t) := !lim
y→0
Mτ (t+ iy) = i(t− Tτ )−1/2ET ([0, τ)).
C
 dMDττ (t) = dim(ran (ET ([0, τ)))) = ∞ # t > s0 C
 dMD0 (t) = dM (t) = ∞ # 
t > s0 &    dMD0 (t) = dM (t) #  t ∈ [0,∞) A 
 = ,)  * &  
  Aac0

 Aac1  	
   @	 
 &  & A0 
 A1  	
   @	 
 




 # A. "
 2 	D & &
     .
 
 AF # A   ac! 





)# *  T ≥ 0 T = T ∗ ∈ [H]  
 t1 := inf σess (T )    A   	
	 	  
  )6*  
 Ã = Ã∗ ∈ Ext A #

) *    

  	 ÃacE
eA([t1,∞))  ÃE eA([t1,∞))  
 	 " 
 
AFEAF ([t1,∞)) = (AF )acEAF ([t1,∞)))
)  *  		 

 AF  ac
   
 σac(AF ) ⊆ σac(Ã))
)   *    

  	 Ãac  Ã  
 	 " 
  AF 
	 	 (Ã −
i)−1 − (AF − i)−1 ∈ S∞(H) 	 (Ã− i)−1 − (AK − i)−1 ∈ S∞(H)
*  ?    	P  	   .
 
 Ã = Ã∗    7 
 &  A0, 
 D  <2  
 )  *      2
 
 Ã = AB &  B ∈ C(H).
) * B Π = {H,Γ0,Γ1}   	
  2 # A∗ 8
  )6,* "
 
 &  =






















z − λ) dET (λ), )6,*




z − λ) ≥ √t− λ ≥ √t− τ , λ ∈ [0, τ), t > τ. )6*
? 
 
 )6* &  )6,* 
 )6* & 
Im(MB(t+ iy)) ≥
√
t− τMB(t+ iy)∗ET ([0, τ))MB(t+ iy), t > τ > 0.









t− τMB(t+ iy)∗QMB(t+ iy), t > τ > 0, y > 0.
' 
 H1 = ran (Q)D H2 := ran (Q⊥)D 
  
 K2 ∈ S2(H2) 
  # 
 ker (K2) =
ker (K∗2 ) = {0}D & 8
  C !'  2 K := Q⊕K2 ∈ S2(H). ?D ker (K) =
ker (K∗) = {0} 
D
Im(K∗MB(t+ iy)K) ≥ )61*√
t− τK∗MB(t+ iy)∗QMB(t+ iy)K, t > τ > 0.
,
' 
 MB(·) ∈ (RH) 
 Q, K ∈ S2(H),    




(QMBK)(t) := ! lim
y→+0
QMB(t+ iy)K
.  #  t ∈ R ) E1F* =# 2 
       y → 0  





t− τ (K∗MB(t)∗Q)(QMBK(t)), t > τ > 0, y > 0.
" #& 




) = dMKB (t), t > τ. )66*
  M̃QB (z) := QMB(z)Q  H1. ' 
 dim(H1) <∞     M̃QB (t) := !limy→+0 M̃QB (t+ iy)
.  #  t ∈ R. ' 










) ≤ dim(ran ((QMBK)(t))) ≤ dMKB (t) )6*
#  t ∈ [τ,∞)
' 
 dim(H1) < ∞ 










= H1 #  t ∈ R =# )6*
  dim(H1) ≤ dMKB (t) #  t ∈ [τ,∞).
"# τ > t1D 
 dim(ET ([0, τ))H) = ∞ 
   
 
 #  27 
 Q ≤ ET ([0, τ)) 
 
  =	D dMKB (t) = ∞ #  t > τ  ' 
 τ > t1     &  dMKB (t) = ∞ # 
t > t1  = ,)  *  2 ÃacE eA([t1,∞))   	
   @	 
  A0EA0([t1,∞))
)  * "# τ ∈ (t0, t1)D 
 dim(ET ([0, τ))H) =: p(τ) <∞. C
D dim(QH) ≤ p(τ) &  & 
dMKB (t) ≥ p(τ) #  t ∈ (τ, t1) ' 
 τ    D &  
 dMKB (t) ≥ p(τ) #  t ∈ [0, t1)
A 
 = ,) * & 2 )  *





 m+(t)   8
  # t ∈ R  =
, Ãac 
 (AF )ac  	
   @	 
 '   & 2  Ãac 
 (AK)ac  	
  
@	 
 = 2  2#    
  22 = 6,) * 
2 *    
  #	 71      dim(H) = ∞  
 t0 :=
inf σ(T ) = inf σess (T ) =: t1 
  		 

 AF  	 ac
 
56 * B dim(ET ([t0, t1))H) = ∞ =
   #!7 
 .
 
 Ã = Ã∗ ∈
Ext A # A 	  σac(Ã) = σ(AF ) = σac(AF ) 	 Ã   
 	
   @	 
  AF 






 )6* &  	
	
 T = T ∗ ≥ 0,
T ∈ C(H),
(AT f)(x) = − d
2
dx2
f(x) + Tf(x). )69*
=  
  2 A := AT,min   8
   	 #  2 A′T 
 








φj(x)hj : φj ∈ W 2,20 (R+), hj ∈ dom (T ), k ∈ N
⎫⎬⎭ , )6*
,




 T ≥ 0 
 AT,min := A′T
 
  &  A 8
  )6* 2   T   	

B HT   C  2 &     
 @	 22 
   dom (T ) &   2 

# T  & 
 E1F &  
	  C  2 W k,2T (R+;H) := W k,2(R+;H) ∩ L2(R+,HT )D







(‖f (k)(t)‖2H + ‖f(t)‖2H + ‖Tf(t)‖2H)dt.
5 	D &  W 2,20,T (R+,H) := {f ∈ W 2,2T (R+;H) : f(0) = f ′(0) = 0} ⊆ dom(AT,min)





 dom (AT,min)  




* 5 	D # 
















  2 & 8
∫
R+


























≤ ‖AT f‖2H + ‖f‖2, f ∈ D′0.






(f ′(x), T f(x))H dx
}∣∣∣∣∣ ≤ ‖f‖2W 2,2T , f ∈ D′0.
&   
‖AT f‖2H + ‖f‖2 ≤ 2‖f‖2W 2,2T , f ∈ D
′
0.
=	D &     &!   
‖f‖2
W 2,2T




 D′0   
  
 W 2,20,T D &  
  dom (AT,min)  




 A   

!










 AN   #!7 
 2   &    @	  # tN D


















 # T ∈ [H] "








 *3  T = T ∗ ∈ C(H) T ≥ 0  
  A := AT,min   
  )69*)6*
   Hn := ran
(
ET ([n − 1, n))
)
 Tn := TET ([n − 1, n))  
  Sn    
 
	 	 	  
  )6* 






















 dom (AF ) "   	  
	        W 2,2T (R+,H),
dom(AF ) = {f ∈ W 2,2T (R+,H) : f(0) = 0}.
)   * #  
 dom(AN ) "   	  
	        W 2,2T (R+,H),
dom(AN ) = {f ∈W 2,2T (R+,H) : f ′(0) = 0}





φj(x)hj : φj ∈W 2,20 (R+), hj ∈ Hn, k, n ∈ N
⎫⎬⎭

 D′′0n := {f ∈ D′′0 : f(x) ∈ Hn} , n ∈ N. 5 	D &  D′′0 =
⊕∞




T  D′′0 & 8
 A′′T = A′T = AT,min +D  
 A′′n := An  D′′0nD n ∈ ND & 





n ⊆ A′T , &  








&  2  8  
 # )6* = 
 
     
   2  
? 11
= 2    







n = (SNn )∗ ∈ Ext Sn 

A = ⊕∞n=1Sn, SN    #!7 
 .
 
































D AN     &   @	  # tN ,   @	    SN ⊂ AN .
C
 SN = AN ,  
  SN 







 # B 6 & 8

‖fn‖2W 2,2Tn ≤ ‖S
F
n fn‖2Hn + ‖fn‖2Hn ≤ 2‖fn‖2W 2,2Tn , n ∈ N, )6*
& fn ∈ dom(SFn ) = {gn ∈ W 2,2(R+,Hn) : gn(0) = 0} A 
 2
 
 )6* # AF

  




≤ ‖AF fm‖2H + ‖fm‖2H ≤ 2‖fm‖2W 2,2T , m ∈ N. )6,*
' 
   {fm = ⊕mn=1fn : fn ∈ dom(SFn ), m ∈ N}D     # AF ,  
@	  )6,*  

  # f ∈ dom (AF ) =  &  dom (AF ) = {f ∈ W 2,2T (R+,H) : f(0) = 0} +D
	  )6,*  2 
 # AF 
  
 ‖ · ‖W 2,2T    dom (A
F )  @	 

,
)   * '    )6* 
 
‖fn‖2W 2,2Tn ≤ ‖S
N
n fn‖2Hn + ‖fn‖2 ≤ 2‖fn‖2W 2,2Tn
# fn ∈ dom(SNn ) = {gn ∈ W 2,2(R+,Hn) : g′n(0) = 0}D n ∈ N "  
  2 

 
 # )  * 
= .
 = 6,    # 	
	
 2 T = T ∗ ≥ 0 & 8 
	 
	
  2 # A∗D 	 
 = 1, 
 2
 
 )6* # A.




 	    "
  
 	 	













z − T + Im(√i− T )
Re(
√
i− T ) . z ∈ C+, )6*
*  
 n ∈ N & 8
  	
  2 Πn = {Hn,Γ0n,Γ1n} # S∗n &  Γ0n,Γ1n
8
  )6,*  = 6,) * SFn = S0n = S
∗
n  ker (Γ0n) 









 B 1D # )16*D & 8
  @	
 # 	 ; 	
  2 Π̂ n =
{Hn, Γ̂ 0n, Γ̂ 1n} # S∗n   
 Rn := (Re(
√




Γ̂ 0n := RnΓ0n, Γ̂ 1n := R−1n (Γ1n −QnΓ0n), n ∈ N. )61*
C
















, z ∈ C+, n ∈ N. )66*
 = 1,    	 Π̂ :=
⊕∞
n=1 Π̂ n = {H, Γ̂ 0, Γ̂ 1} #  	










M̂ n(z) z ∈ C+. )6*
? 
 
 )6* &  )66* &    )6*
? 
 
 = 1, )# )1,** &  ? 11 & 
A0 = A∗  ker ( Γ̂ 0) =
∞⊕
n=1
















)# *   T = T ∗ ≥ 0, t0 := inf σ(T )  
 A := AT,min  )69*)6*   
Π̂ = {H, Γ̂ 0, Γ̂ 1}   
 	 	 	 A∗  
    78  





 * )6*! #

) * # 		 

 AF 
  A0 := A∗  ker ( Γ̂ 0). $		 AF   


 AF = (AF )ac  





 AK  













1 + T 2
. )6*




Th : h ∈ ran (T 1/4)},  		
 AK 
dom(AK) ∩ H⊥0    

  
 AK = 0H0 ⊕ (AK)ac
)   * # 

 AN  




1 + T 2
$		 AN    

 AN = (AN )ac  
 σ(AN ) = σac(AN ) = [t0,∞)
) * # 	 	 AF  (AK)ac  
  
 AN  	 
 	 " 

* ) * =  
    2    
 
 = 6, &  )69*
)  * A 
  2 2  









1 + λ2 cos(θ(λ)/2)dET (λ). )6,*
' 
 ϕ(λ) = arctan(1/λ)D λ ≥ 0 
 
 
  cos(ϕ(λ)) = λ(1 + λ2)−1/2, & 8

cos(θ(λ)/2) = 2−1/2(1 + λ2)−1/4(λ+
√






i− T ) = 2−1/2(T +
√




 sin(θ(λ)/2) = cos(ϕ(λ)/2) 
 cos(ϕ(λ)/2) = 2−1/2(1+λ2)−1/4(λ+√
1 + λ2)1/2D & 
Im(
√











1 + T 2. )6,*
" #& # )6* &  	
 # )6,* 
 )6,*  M(0) := !limx→+0M(−x) =: BK
& BK   8
  )6* =#D  ED <2  





  ABK := A∗  ker (Γ1 − BKΓ0). = 
 




)   * "     
   
  	
  2 Π̂ n = {Hn, Γ̂ 0n, Γ̂ 1n} 8
  )61* 
.
 








1 + T 2n D n ∈ N 
<2  
 69D AN = ⊕∞n=1ANn = ABN & BN = ⊕∞n=1Bn =  
 










 #& # = 6,) * 
 )6* 
. & 
 ; = 6    # 	
	
 T ≥ 0.
)# *    T = T ∗ ≥ 0  
 t1 := inf σess(T ) 		  A := AT,min  )69*)6*
 
 Ã = Ã∗ ∈ ExtA #






    	
AFEAF ([t1,∞)) = (AF )acEAF ([t1,∞)))
)  *  		 

 AF  ac
   
 σac(AF ) ⊆ σac(Ã);
)   *  ac 	 Ãac  Ã  
 	 " 
  AF  	 (Ã− i)−1 − (AF − i)−1 ∈ S∞(H)
	 (Ã− i)−1 − (AK − i)−1 ∈ S∞(H)
,6
*  ?    	P  	   .
 
 Ã = Ã∗    7 
 &  A0, 
 D      2
 
 Ã = AB &  B ∈ C(H).
) *  
   	
  2 Π̂ = {H, Γ̂ 0, Γ̂ 1} 8
  







   
 ; 	
  2 Π̂ B   8

 M̂ B(z) = (B − M̂ (z))−1D z ∈ C+D & M̂ (z)    
  )6* ?D
Im( M̂ B(z)) = M̂ B(z)∗ Im( M̂ (z)) M̂ B(z), z ∈ C+. )6,,*




i− T ))−1 ≥ √2. =# )6,*  
Im( M̂ (z)) ≥
√
2 Im(M(z)), z ∈ C+, & M(z) = i
√





 #  2# # = 6) * &  
 # )6,* 
d
cM
D (t) = ∞ #  t ∈ [t1,∞), & D = D∗ ∈ S2(H) 
 kerD = {0}. +D   #&






D (t) = ∞ #  t ∈ [t1,∞). 5
 2  2#  22 

= ,
)  * = 2 )  * & 	  
   )6,* 
 #&  2# # = 6)  *  2
 2#  22 
 = ,
)   * =  #	
 
 M̂ (·)    














  )* "
D
  #& # )66* 	     &  m+n  
 2
 
 n ∈ N %22 

= , 
 >( 6 & 2  2#
= 2  
 
 & 
   2 BK 8
  )6*   	

=#D  <2  




1 } &  Γ̂
BK





K Γ̂ 0 − Γ̂ 1D    	








M̂ BK (z) = (B





   #	 & 

















T − i√z − T√
T +
√
1 + T 2
.
" #&      M̂ BK (t+ i0) .  # 
 t ∈ R \ {0} 

M̂ BK (t) := ! lim
y→∗0






T − i√t− T√
T +
√
1 + T 2
.
?D M̂ BK (t) ∈ [H] # 
 t ∈ R\{0}.  = ,  ac!2 # Ã 




 (Ã− i)−1 − (AK − i)−1 ∈ S∞(H). =  2  2# 
 
D & 




2 *  3 

  #	 700  dim(H) = ∞  
 t0 := inf σ(T ) =
inf σess (T ) =: t1 

















 =   
 & 
  L = Lmin   
   2  2    
 L2(Ω), Ω :=
,
R+ × Rn, &    H
  .2 









+ q(x), (t, x) ∈ Ω, )6,1*
& q = q̄ ∈ L∞(R), x := (x1, . . . , xn) 
 n ≥ 1.
>  Lmin    	 # LD 8
 
 C∞0 (Ω). "   (
&
  dom (Lmin) = H20 (Ω).
?D L     = .  2 Lmax   
 8
  Lmax = (Lmin)∗. 
2 ;  H2(Ω) ⊂ dom(Amax) ⊂ H2loc(Ω)D &  dom(Lmax) = H2(Ω)
. & 8
   22 
 γj : C∞(Ω) → C∞(∂Ω), j ∈ {0, 1},   
 γ0u := u  ∂Ω

 γ1u := γ0(∂u/∂n) & n 
 #   
  
  ∂Ω G
  DL(Ω)   

dom(Lmax) @	 22 &   2 
 "   (
&














 # Lmin ) ; 
 # L*/
) * LDf := L[f ], f ∈ dom(LD) := {ϕ ∈ H2(R+ × R) : γ0ϕ = 0}L
)  * LNf := L[f ], f ∈ dom(LN ) := {ϕ ∈ H2(R+ × R) : γ1ϕ = 0}L
)   * LKf := L[f ], f ∈ dom (LK) := {ϕ ∈ dom(Amax) : γ1ϕ + Λγ0ϕ = 0}, & Λ :=√−Δx + q(·) : H−1/2(∂Ω) → H−3/2(∂Ω).





  T  )*  
  2    











 q = q̄ ∈ L∞(R),  2 T   #!7 
 
  	
 +D T ≥ 0  # q(·) ≥ 0.
B A := AT,min    




 *   q(·) ∈ L∞(R), q(·) ≥ 0  




 L2(R)   &	9
	 	
 )6,6*    t0 := inf σ(T )  
 t1 :=
inf σess (T ). #
%
) *  	 	 AT,min 
  L = Lmin  
 dom(AT,min) = H20 (Ω);
)  *  		 

 AF 
  LD 
 LD    

 σ(LD) =
σac(LD) = [t0,∞)  





  LK  
  	 	 LK    
 LK =
0H0 ⊕ (LK)ac H0 := ker (LK)  
 σac(LK) = [t0,∞))
) *  

 AN  
  )6* 
  LN  




 σ(AN ) = σac(AN ) = [t0,∞);
)*  	 	 LD LN ,  
 (LK)  	 ac
  






 t0 = t1, 




) *  L̃     
 

  L  





  L̃    (L̃ − i)−1 − (LK − i)−1 ∈ S∞ 
 L̃ac  










φj(x)hj(ξ) : φj ∈ C∞0 (R+), hj ∈ C∞0 (R), k ∈ N
⎫⎬⎭
 
  D′∞ ⊆ D′0 
 D′∞ ⊆ C∞0 (R+ × R) +D AT,min  D′∞ = L  D′∞ ' 
 D′∞  
  #  AT,min 
 Lmin, &  AT,min = Lmin
"    )# 22 
  	  
#*  dom (T ) = dom(Δx) = H2(Rn) =#D






 dom (T ) = H2(Rn), &  W 2,2T (R+;H) = H2(Ω). =#  <2  
 69 AF =
LD. = 
  
 #& # = 6) *
)   * "   2  
 ED ' 
 F  LK    : 
 .
 
 # Lmin. =  # 

    2   = 6)  *
) * = @	  AN = LN      # <2  




)*  = 6)  *  .
 
 LD(= AF )   ac! 
   = 6) * LDD LN(=
AN ), 
 (LK)ac(= (AK)ac)  2 &  	
   @	 
D 
 LN , 
 LK  ac! 
 
 =  
      # ? 6
) * = 
      # )  *D )   * 
 = 6)   * 




  2    












+ q(x), ajk ∈ C1(Ω), q ∈ C(Ω) ∩ L∞(Ω), )6,*
&  P 
 ajk(·)  	
 &    C1!  D q ≥ 0. "#  P 
 
   
 NO 22 D 
 dom (T ) = H2(Rn)   
 2  
B 6D dom (AT,min) = W
2,2
0,T (R+,H) = H2,20 (Ω) 
 <2  
 6,  
   &  T
 
 2 #  'K 
 2 )6,6*





 LN  & #!7 
 ))#
E1D = 9FD E9F**
2 *  3  

  .	







|q(y)|dy = 0, )6,9*

  	 	 LD LN ,  
 (LK)  	 	 ac
 








(t) = ∞ 	   t ∈ [0,∞).
*  E6D ' 
 6F 
  
 )6,9*    @	  σc(T ) = R+,  
 2 	 0 ∈ σc(T )

 t1 = 0. ' 
 q ≥ 0,&  0 ≤ t0 ≤ t1 = 0,    t0 = t1 = 0. "  





 )6,9*    8 &
 lim|x|→∞ q(x) = 0. =	D  
    

	 
 # ? 61    C&D     22
  σ(LF ) = σac(LK) =
σ(LN ) = [t0,∞)D t0 > 0 	 inf q(x) = 0
,
$ $
%& $'  	
B 	     # #  ac!	 #    # R  
	  
EFD   E1F
0

 %*  +,4./  δ ∈ B(R) #  clac(δ)  
 
clac(δ) := {x ∈ R : |(x− ε, x+ ε) ∩ δ| > 0 ∀ ε > 0}.
      

 	   :	  δ ∈ B(R)
5 	D &   δ1, δ2 ∈ B(R)    ac!	  #      H

δ1  δ2  B	 	 ; +D   clac(δ)   &  
 clac(δ) ⊆ δ "







 ξ2 &   H 
 
  
# B	 	 ;D 
 clac(supp (ξ1)) = clac(supp (ξ2))
! %*  δ ∈ B(R) 
 |δ \ clac(δ)| = 0
* ' 
 clac(δ)      Δ := R \ clac(δ)   2
 = 2
  Δ   2 
Δ =
⋃L
l=1 Δl, 1 ≤ L ≤ ∞D & Δl = (al, bl)   7 
 2
  
   Δl = δ ∩ ΔlD
l = 1, 2, . . . , L 5 	D





  Δl ∩ clac(δ) = ∅D l = 1, 2, . . . , L C
 #  t ∈ Δl     	P 
 

  Ot 	  |Ot ∩ δ| = 0 "# η   	P 
 D 
 [al + η, al − η] ⊆ (al, bl) 

{Ot}t∈Δl #   
 # [al + η, al − η] ' 





 {Otm}Mm=1 # [al +η, al−η]  [al +η, al−η] ⊆
⋃M
m=1 Otm & 8
 |[al +η, al−η]∩δ| = 0
#  	P 
  η > 0 A 
  & 
|(al, bl) ∩ δ| = |(al, al + η) ∩ δ| + |(bl − η, bl) ∩ δ| =
|(al, al + η) ∩ δ| + |(bl − η, bl) ∩ δ| ≤ 2η
# 	P 
  η > 0 C
 |Δl| = |(al, bl) ∩ δ| = 0 &     |δ \ clac(δ)| = 0 
! %*  {δk}k∈N δk ⊆ R    "









*   δ̂ k = δk ∩ clac(δk) 
 Δk := δk \ clac(δk)   δ = δ̂ ∪ Δ, & δ̂ :=⋃
k∈N δ̂ k 
 Δ :=
⋃
k∈N Δk.  B %D |Δk| = 0D k ∈ ND &    |Δ| = 0 C

clac(δ) = clac( δ̂ ) '   
  clac(δk) = clac( δ̂ k)D k ∈ N    δ̂ k ⊆ clac( δ̂ k)D
k ∈ N  
clac( δ̂ ) ⊇
⋃
k∈N
clac( δ̂ k) ⊇
⋃
k∈N
δ̂ k = δ̂ .
C

clac( δ̂ ) = clac( δ̂ ) ⊇
⋃
k∈N
clac( δ̂ k) ⊇ δ̂ ⊇ clac( δ̂ )
&    clac( δ̂ ) =
⋃
k∈N clac( δ̂ k) ' 
 clac( δ̂ ) = clac(δ) 
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